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UNIVERSITY OF STRATHCLYDE
APPLIED ECONOMETRICS LECTURE NOTES

REGRESSION AMONG A SET OF NON- STATIONARY (AND NON-COINTEGRATED) VARIABLES

Let Y1t and Y2t be two I(1) random variables.  Consider the regression 




If there does not exist some ( for which u is I(0), then OLS is likely to produce “spurious” inference. 

The simplest case is where Y1t and Y2t follow independent random walks:




where u1t is i.i.d. with mean zero and variance (21 , u2t is i.i.d. with mean zero and variance (22, and u1t is independent of u2s for all t and s. 

Suppose we estimated by OLS the regression 




As Y1t is not affected by Y2t (and vice versa) we might expect that (2 would converge in probability to zero, and that the R2 from the regression would tend to zero. But this does not happen. The regression is known as a “nonsense” or “spurious” regression.

The OLS estimators of (1 and (2 in this model are characterised by the following properties:

PROPERTY 1:




where 




with W1(r)  and W2(r) denoting independent standard Brownian motions, obtained by cumulating u1 and u2 respectively.

Comment:

(1) In the “standard” case in which variables are all stationary, OLS estimators are consistent, and so we might expect to find that 

. Also, in the “standard” case, the OLS estimators have to be multiplied by some increasing function of T to obtain a non-degenerate limiting distribution.  

In this case, neither estimate is consistent, and different sample sizes will yield randomly differing estimates. The intercept estimate, 

, actually diverges, and must be divided by T( to obtain a well-specified limiting distribution. This implies that the intercept estimate will move increasingly far away from its true value of zero as the sample size increases.

PROPERTY 2:

The standard OLS F test satisfies




Comment:

The standard OLS  F test based on the spurious regression does not have any limiting distribution. Instead it diverges as T((. The F statistic must be divided by T to obtain a non-divergent distribution (but one which is not F even then). Thus, as the sample size grows, it becomes increasingly likely that the F test will reject the null that (1 and (2 are jointly zero. 

Similarly, the standard OLS  t test based on the spurious regression does not have any limiting distribution. Instead it diverges as T((. The F statistic must be divided by (T to obtain a non-divergent distribution (but one which is not t even then). Thus, as the sample size grows, it becomes increasingly likely that the t test will reject the null that (2 is zero.

F and t tests are, therefore, grossly misleading.

PROPERTY 3:

The sum of squared residuals, RSST, from OLS estimation satisfies




where f(.) is a well-defined function of the two Brownian motions. 

Comment:

This result implies that the usual OLS estimate of the variance of vt, 




again diverges as T increases. It is necessary to divide RSS by T2 (rather than by T) to obtain an estimate that does not diverge. 

PROPERTY 4:

Standard serial correlation test statistics (such as the DW statistic) converge in probability to the value implied by a serail correlation coefficient of unity (ie zero in the case of the DW statistic).

Comment:

This is a useful result. A DW statistic which is “significant” on usual criteria suggests that the regression model is mispecified, perhaps because it is a spurious regression.

PROPERTY 5:

The R2 statistic has a non-degenerate limiting distribution.

Comment:

High values of R2 are likely to be encountered  (particularly in large samples) even when the series are unrelated. This statistic is potentially very misleading in the presence of non-stationary variables. 

SOLUTIONS TO SPURIOUS REGRESSION

A spurious regression is in fact nonsensical and so should not be estimated. The “problems”  associated with spurious regression (essentially falsely concluding that the estimated relationship is a real one when in fact that conclusion is false) can be avoided by:

1. Inclusion of lagged values of the dependent and explanatory variables in the regression. 

This works because there are, in this case, values of the parameters for which the error term is stationary (unlike in the spurious regression case). For example, in the model:




the parameter values (2=0, (3=0 and (4=1 will satisfy this requirement. All of the ( parameters will be estimated consistently. However, this approach is limited because some forms of inference are non-standard. 

2. Regression in the first differences of I(1) variables. In statistical terms, everything is entirely standard. But the “solution” throws away some long run information, and so is not useful if we are seeking all available long run information in the data.

3. Cointegration analysis. We explore this next.
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