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INTRODUCTION
Cointegration analysis is concerned with estimating long run economic relationships among non-stationary, integrated variables. Suppose that Xt and Yt are I(1) variables. In general, any linear combination of two I(1) variables




will also be I(1). But there may be some particular linear combination of two I(1) variables which is stationary I(0). In that case, the two variables are said to cointegrate. Cointegration may also take plac between more than two I(1) variables, in the sense that some linear combination of those variables is stationary.

DEFINITION

An (n(1) vector of I(1) time series variables is cointegrated if some linear combination of the series 

Y is a stationary I(0) variable for some non-zero (n(1) vector (. 

The intuitive meaning of cointegration
Consider two non-stationary I(1) variables. These may or may not contain trends in their means. Being non-stationary, the variables individually are not men-reverting. That is, is neither case is there a tendency for the variable to revert through time to some fixed value whenever it deviates from that fixed mean value. Each variables is, in some sense, trended.

However, suppose that the two variables share a common trend, and that there is in fact some long run relationship between the two such that, in equilibrium:




Then we can define the disequilibrium error at any time t to be 

 


Since Y and (X are bound together over time in an equilibrium relationship, we would expect the error term ut to be a zero-mean reverting, stationary process, even though neither Y nor X themeselves have such a characteristic. In this case we would say that Y and X cointegrate.

Notice that to say that Y and X cointegrate, the error term ut must possess all of the characteristics of a stationary process. That is, the series has

· a constant mean

· a constant variance

· autocovariances which depend only on the time interval between observation, not on the point in time at which they are measured

We can portray these ideas graphically, as in Figure 1.

Insert Figure 1 here.

This idea can easily be generalised to the case where Y is determined in long run equilibrium by more than one variable.

A SIMPLE MODEL OF COINTEGRATION (from Hamilton, page 571)

Let u1t and u2t be uncorrelated white noise processes (and so both I(0)), and consider the system:




Y2t is a random walk, and so is I(1). Then, differencing (1) we obtain




(3)

The right-hand-side of (3) can be shown to have an MA(1) representation




where v is white noise and ( ( -1 provided that ((0  and E(u2t2) >0. 

So both Y1t and Y2t are I(1) processes although the linear combination Y1t - (Y2t is I(0). The two variables Y1t and Y2t  are cointegrated with the cointegrating vector  

= (1, -().

THE NUMBER OF COINTEGRATING VECTORS
A cointegrating vector (CV) is not-unique. Any scalar multiple of a CV is not unique. However, such a scalar multiple would not be independent of the original one: it would merely be a re-normalised version of it.

It is possible that there may be up to (n-1) independent CV’s among a set of n I(1) variables. Let r denote the number of independent CV’s. These r vectors are also not unique. Any linear combination of those r vectors is another set of r CV’s. But once again, this set is merely a re-normalisation of the original set, and is not independent of it. In other language, a given set of r vectors is said to form a basis for the space of cointegrating vectors. 

In the remainder of this set of notes, we assume that there is at most one independent cointegrating relationship among a set of n I(1) variables. We consider the more general case later.

TESTING FOR THE EXISTENCE OF A SINGLE COINTEGRATING RELATIONSHIP AND ESTIMATING THE COINTEGRATING VECTOR (IF IT EXISTS): THE ENGLE GRANGER METHOD
Suppose we believe that there exists a single long-run relationship between the two I(1) variables Y and X of the form :






(0)

The two-steps would involve:1
Step 1the long run (static) equ:ilibrium relationship in the levels of the variables by OLS. . 
Step 1: Estimate by OLS the long run relationship using the co-integrating regression





2
This is known as the “cointegrating regression”. It is estimated as





3
and then defining and saving the disequilibrium errors as





Testing for cointegration:

These residuals are then used to test the null hypothesis of a unit root in the residuals (i.e. no cointegration). 

Cointegrating regression ADF test (CRADF):

The residuals from the cointegrating mechanism are assumed to follow a first oder autoregressive process:




where vt is a white noise process. We wish to test

H0: (=1  against

Ha: (<1

Under the null hypothesis, the residuals are I(1), indicating that X and Y do not cointegrate. Under the alternative, the residuals are stationary, consistent with X and Y cointegrating.

We require a different set of critical values for t-testing on ( in the CRADF test. This arises because the testing is being done on estimated errors, 

, not on the true values of the errors 

. There are several sources for the correct critical values to use (Engle and Granger - bivariate case only, Engle and Yoo - up to 5 variables, and Charemza and Deadman, Appendix Tables 2-4). The exact critical values depend on the precise specification of the model in hand, and so often testing can only be approximate. 

Cointegrating Regression Durbin Watson (CRDW) test:

Developed by Sargan and Bhargava (1983). This uses the DW  statistic from the cointegrating regression. The intuition is simple; if the residuals are non-stationary, DW will go to 0 in the limit as the sample size increases. So “large” values of DW are taken as evidence for rejection of the null hypothesis of no cointegration. Once again, it is necessary to use specially tabulated sets of critical values for the CRDW test.

[See Hamilton, page 599 for summary of test statistics and distributions]. If we can reject the null of no cointegration, move to step 2.

4
Step 2:  A general dynamic model for Y is estimated,  parametersised in an error-correction form, which incorporates the estimated disequilibrium errors from step 1:




  (1)

5
Another test for cointegration:

Ho: (4=0

Ha: (4<0

If we cannot reject the null, there is no error correction mechanism operating, and so the variables do not cointegrate. The one-sided alternative contains prior information about what sign the parameter should take if the error correction process is to be meaningful. 

THE ENGLE-GRANGER TWO-STEP ESTIMATOR AND 

ALTERNATIVE SINGLE EQUATION ESTIMATION METHODS 

Recall that the two-step procedure developed by Engle and Granger involves 6two-steps:

(i) Estimating by OLS the long run relationship using the co-integrating regression





7
(ii) In the second step, a general dynamic model for Y is estimated, usually expressed in an error-correction form, which incorporates the estimated disequilibrium errors from step 1:




  (1)

8
An alternative approach to the Engle-Granger two-step approach is to estimate a dynamic model in the "error-correction" form:




  (2)

9
In this regression, the terms

 contain information about the "long run" relationship between Y and X.  To see that this is so, let us solve equation (2) for its implied long run equilibrium. In equilibrium, (2) becomes:



     






and so




So the parameters (1 and (2 of the equilibrium relationship could be estimated using OLS estimates of (, (4 and (5 from equation (2) in this expression.

Note that the EG two-step approach will produce different parameter estimates from the single equation dynamic model approach; this arises largely because the latter is a single-step estimator, whereas the former is a two-step estimator. The first step of the EG two-step approach estimates only the long run parameters in a static regression, whereas the second step estimates the short-run, dynamic adjustment parameters, conditional on the long-run estimates from the first step. The single dynamic equation approach based on equation (2) jointly estimates long and short-run parameters.

Note also that both the EG two-step approach and the single equation dynamic model approach that we have just outlined are predicated on the assumption that there is at most one cointegrating relationship between the set of variables concerned. 

· If r = 1  (where r is the number of independent cointegrating relationships) we can use the single equation EG procedure, some other single equation approach, or a systems procedure (see later).

· If r > 1 then single equation modelling is misleading and invalid. We should use a systems estimation approach.

(d) If Y and X are I(1) but do cointegrate, then the regression of equation (2) can be thought of one among stationary I(0) variables. It will NOT be a spurious regression. To see why note that 

are I(0), and the combination ((

 will be a stationary, cointegrating linear combination of Y and X. Therefore, estimating (2) will be equivalent to a conventional regression, and so t and F tests can be used with standard critical values.

There are further single equation estimation alternatives:

1. Follow the EG procedure except that the static cointegrating regression is replaced by the estimation of a general ARDL model in the levels and lags of those levels of X and Y. The estimated model can be solved for its long run solution, and the residuals tested for stationarity. This long run solution is then used in the second stage of the EG procedure.

There are two advantages of this. First, t and F test statistics from the general ARDL model will be asymptotically standard normal (if X and Y cointegrate), and so restrictions on the long run relationship can be tested. Secondly, as this method allows the long run solution to be estimated in a model which incorporates dynamics, it is less likely to be biased in finite samples.

2. Estimate a general ARDL model in the levels and lags of those levels of X and Y. The model can be solved for its long run solution, and its short run dynamics. The residuals can be tested for stationarity in the usual way.

Finally, note that any single step estimator offers a potential efficiency gain relative to a 2-step estimators (such as the EG estimator). 

STATISTICAL PROPERTIES
In the cointegrating regression 




PROPERTY 1:

The OLS estimators are consistent




for any (>0 and j=1,2.

PROPERTY 2:

The OLS estimators have limiting distributions of the form:




where f1 and f2 are well-defined distributions with zero means. The distributions are however, non-standard, being functions of, inter alia, standard Brownian motions. 

Comment:

(1) The OLS estimators are consistent. Moreover, not only is it true that (

 ) but also convergence takes place at the rate T (rather than T( as in the “classical” context) and so the OLS estimator of (2 is described as superconsistent. As the sample size increases, the OLS estimates converge to theit true values at a faster rate than is the case in the classical case.

(2) Because of this unusually fast rate of convergence, it is also the case that this OLS estimator is consistent even if the error term is serially correlated and correlated with the explanatory variable, or if the regressor variable Y2 is not weakly exogenous for the parameters of the model, or if dynamics or other I(0) variables are omitted from the regression. 

(2) In the second step, parameter estimates are consistent and converge at the standard rate, and OLS standard errors will provide consistent estimates of the true standard errors.  

Limitations of the EG method.

Despite the attractive asymptotic properties of the EG procedure, it does have a number of important weaknesses. In particular:

(1) In finite samples, the parameter estimates are biased. The extent of this bias will depend on omitted dynamics and failure of weak exogeneity among other things. This bias can be extremely severe.

(2) No testing is possible of long run parameters. The limiting distributions of the ( parameters are non-normal and non-standard. Standard hypothesis testing is invalid as t and F statistics do not have t or F distributions in the context of the cointegrating regression.

(3) Problems arise if there is more than one cointegrating relationship. This will be examined later. 
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